Whist tournaments on v players are known to exist for all v ≡ 0, 1 (mod 4). A whist design is said to be Z-cyclic if the players are elements in Z m ∪ A where m = v, A = ∅ when v ≡ 1 (mod 4) and m = v − 1, A = {∞} when v ≡ 0 (mod 4) and the rounds of the tournament are arranged so that each round is obtained from the previous round by adding 1 (mod m). Despite the fact that the problem of constructing Z-cyclic whist designs has received considerable attention over the past 10-12 years there are many open questions concerning the existence of such designs. A particularly challenging situation is the case wherein 3 divides m. As far back as 1896, E.H. Moore, in his seminal work on whist tournaments, provided a construction that yields Z-cyclic whist designs on 3p + 1 players for every prime p of the form p = 4n + 1. In 1992, nearly a century after the appearance of Moore's paper, the first new results in this challenging problem were obtained by the present authors. These new results were in the form of a generalization of Moore's construction to the case of 3p n + 1 players. Since 1992 there have been a few additional advances. Two, in particular, are of considerable interest to the present study. Ge and Zhu (Bull. Inst. Combin. Appl. 32 (2001) 53-62) obtained Z-cyclic solutions for v =3s +1 for a class of values of s =4k +1 and Finizio (Discrete Math. 279 (2004) 203-213) obtained Z-cyclic solutions for v=3 3 s+1 for the same class of s values. A complete generalization of these latter results is established here in that Z-cyclic designs are obtained for v = 3 2n+1 t + 1 for all n 0 and a class of t =4k+1 values that includes the class of s values of Ge and Zhu. It is also established that there exists a Z-cyclic solution when v = 3 2n+1 w for all n 0 and for a class of w = 4k + 3 values. Several other new infinite classes of Z-cyclic whist tournaments are also obtained. Of these, two particular results are the existence of Z-cyclic whist designs for v = 3 2n+1 + 1 for all n 0, and for v = 3 2n for those of the above-mentioned studies, are constructive in nature.
all n 2. Furthermore, in the former case the designs are triplewhist tournaments. Our results, as are
Introduction
A whist tournament on v players is a (v, 4, 3) (near) resolvable BIBD. Each block, (a, b, c, d) , of the BIBD is called a whist game and represents the fact that the partnership {a, c} opposes the partnership {b, d}. The design is subject to the (whist) conditions that every player partners every other player exactly once and opposes every other player exactly twice. A whist tournament on v players is denoted by Wh(v). Each (near) resolution class of the design is called a round of the tournament. It has been known since the 1970s that Wh(v) exist for all v ≡ 0, 1 (mod 4). Theorem 1.1 (Anderson [4] ). If v ≡ 0 or 1 (mod 4), then there exists a Wh(v).
Although considerable progress has been made in the last decade or so, much less is known about the existence of Z-cyclic whist tournaments. A whist design is said to be Zcyclic if the players are elements in Z m ∪ A where m = v, A = ∅ when v ≡ 1 (mod 4) and m = v − 1, A = {∞} when v ≡ 0 (mod 4), and where the rounds can be labeled, say, R 1 , R 2 , . . . in such a way that R j +1 is obtained by adding +1 (mod m) to every element in R j . When ∞ is present, one has the property that ∞ + 1 = ∞. Thus an attractive feature of Z-cyclic whist tournaments, both from a theoretical and practical point of view, is that the entire tournament can be described by a single (near) resolution class which is typically called the initial round of the tournament. In the pursuit of Z-cyclic whist tournaments a particularly troublesome case occurs when m is divisible by 3. In 1896, in a paper now considered to be the seminal work on whist tournaments, Moore [13] obtained, among other results, Z-cyclic triplewhist tournaments (defined below) on 3p + 1 players for all primes p of the form p = 4n + 1. After the appearance of Moore's paper nearly 100 years passed before additional infinite families of Z-cyclic whist tournaments were obtained in this troublesome case. The first such new result was obtained by the present authors [6] in 1992. In the years since [6] appeared, there have been some additional successes (see [35] for pertinent references). For the most part the results contained in these latter works can be shown to be included in the results of Ge and Zhu [12] . It is to be emphasized, however, that these works, including that of Ge and Zhu, rely heavily on Moore's materials. In this study we provide several new infinite families of solutions in this troublesome case. In some instances the solutions obtained are for all permissable values of v of a particular form.
In a whist game (a, b, c, d) the opponent pairs {a, b}, {c, d} are called opponents of the first kind and the opponent pairs {a, d}, {b, c} are called opponents of the second kind. A triplewhist tournament on v players, TWh(v), is a whist tournament with the property that every player opposes every other player exactly once as an opponent of the first kind and exactly once as an opponent of the second kind. One also refers to left hand opponents and right hand opponents in a whist game. These relationships are the obvious ones associated with the players seated at a table with a at the North position, b at the East position, c at the South position and d at the West position. A whist tournament is said to be a directed whist tournament on v players, DWh(v), if every player has every other player exactly once as a left-hand opponent and exactly once as a right hand opponent.
We list now some materials that support the constructions and theorems of this paper.
× v array such that each row is a copy of Z v and the set of differences of any two rows equals Z v .
It is easy to see that if gcd(v, 6) = 1 then there exists a homogeneous (v, 4, 1)-DM. Simply take Row i to be i times Z v , i = 1, 2, 3, 4. The homogeneous difference matrices of interest for whist tournaments happen to be those for which v is odd. Thus the only odd numbers for which the existence of a homogeneous (v, 4, 1)-DM is in doubt are those that are divisible by 3. The next two results are often helpful. Theorem 1.2 (Anderson et al. [7] ). Let v = 4n + 1. If there exists a Z-cyclic TWh(v) then there exists a homogeneous (v, 4, 1)-DM.
Proof. Define a 4 × v array (a ij ) where a 1j = j − 1, a i1 = 0, i = 2, 3, 4, a 2j = a 1j 's initial round partner, a 3j = a 1j 's initial round opponent of the first kind and a 4j = a 1j 's initial round opponent of the second kind. Theorem 1.3 (Finizio [8] ). Let v = 4n + 1. If there exists a Z-cyclic DWh(v) then there exists a homogeneous (v, 4, 1)-DM.
Proof. Repeat the construction in the proof of Theorem 1.2 except replace opponent of the first (alt. second) kind by left-(alt. right-) hand opponent. Theorem 1.4 (Finizio [8] ). For each n 1 there exists a Z-cyclic TWh (3 4n ) and hence there exists a homogeneous (3 4n , 4, 1)-DM for all n 1. Theorem 1.4 is also true if one replaces TWh by DWh [1] . Homogeneous (v, 4, 1)-DM are known to exist for v = 15, 27, 39, 51. The case v = 27 is a very recent result due to Abel and Ge [2] . The others have been known for some time. Theorem 1.5 (Anderson et al. [7] ). If there exist Z-cyclic Wh(P i ), i = 1, 2 where P i ≡ 1 (mod 4), and if there exists a homogeneous (P 1 , 4, 1)-DM, then there exists a Z-cyclic
Theorem 1.6 (Anderson et al. [7] ). Let Q > 3, Q ≡ 3 (mod 4), P ≡ 1 (mod 4), where Z-cyclic Wh(Q + 1) and Wh(P ) and a homogeneous (Q, 4, 1)-DM exist. Then a Z-cyclic Wh(QP + 1) exists. Further, if the Wh(Q + 1) and the Wh(P ) are both triplewhist then so is the Wh(QP + 1).
Definition 1.2.
A frame is a group divisible design, GDD (X, G, B) such that (1) the size of each block is the same, say k, (2) the block set can be partitioned into a family F of partial resolution classes and (3) each F i ∈ F can be associated with a group G j ∈ G so that F i contains every point in X\G j exactly once.
An excellent source of information regarding frames is the book by Furino et al. [9] . When referring to the group type of a frame the exponential notation will be used. For our purposes, if a frame has blocks of size k=4 then each block is considered to be a whist game. If the collection of blocks has the property that every pair of elements (players) from distinct groups appear together in exactly three blocks and within these three blocks they appear exactly once as partners then the frame is called a whist frame and is denoted by WhFrame. Each partial resolution class is then called a round of the WhFrame. If the blocks of a Wh-Frame satisfy any additional conditions such as every pair of players from distinct groups meet exactly once as opponents of the first kind (and, hence, exactly once as opponents of the second kind) then the notation for the frame will reflect this property. Thus one speaks of TWhFrames, DWhFrames, etc. It is also possible to define a Z-cyclic WhFrame [12] . Definition 1.3. Suppose S = Z m , m = hw and Z m has a subgroup H of order h. Suppose a WhFrame(h w ) has a special round R 1 , called the initial round, whose elements form a partition of S\H and is such that it, together with all the other rounds can be arranged in a cyclic order, say R 1 , R 2 , . . . so that R j +1 can be obtained by adding +1 modulo m to every element in R j then the frame is said to be Z-cyclic.
Proof. In the initial round of the Z-cyclic Wh(v) remove the s + 1 games (a i , b i , c i , d i ). The remaining games form the initial round for a Z-cyclic WhFrame(h w ) having groups {0, w, 2w, . . . , (h − 1)w} + 0, 1, 2, . . . , w − 1. Remark 1.8. It is to be noted that the statements in the next five theorems are modified versions of the corresponding theorems found in [1112] . In each of these latter references, TWhFrame appears where we have WhFrame and TWh appears where we have Wh. Careful scrutiny of the proofs of these theorems indicates that the final design inherits any property that is common to all of the input designs. Consequently not only can one obtain triplewhist results from these theorems but also directed whist results, etc. The format chosen here is intended to take advantage of this flexibility. Theorem 1.9 (Ge and Zhu [12] ). Suppose there exists a Z-cyclic WhFrame(h v/ h ) and a Z-cyclic WhFrame(u h/u ) then there exists a Z-cyclic WhFrame(u v/u ). Theorem 1.10 (Ge and Zhu [12] ). If there exists a Z-cyclic WhFrame(h w ) and if there exists a homogeneous (g, 4, 1)-DM then there exists a Z-cyclic WhFrame((hg) w ).
In Theorem 1.10 the process is known as an inflation by g. Theorem 1.11 (Ge and Zhu [12] ). Suppose there exists a Z-cyclic WhFrame(h w ) and a Z-cyclic Wh(h), h ≡ 1 (mod 4). Then there exists a Z-cyclic Wh(hw). Theorem 1.12 (Ge and Zhu [12] ). Suppose there exists a Z-cyclic WhFrame(h w ) and a Z-cyclic Wh(h + 1), h ≡ 3 (mod 4). Then there exists a Z-cyclic Wh(hw + 1). Corollary 1.13. Suppose s = 4t + 1 is such that there exists a Z-cyclic WhFrame of type 3 s , then there exists a Z-cyclic Wh(3s + 1). Theorem 1.14 (Ge and Ling [11] ). Suppose there exists a Z-cyclic K-GDD of group type g n . If there exists a Z-cyclic WhFrame(h k ) for each k ∈ K, then there exists a Z-cyclic WhFrame((hg) n ).
Two frames that are important for our constructions are presented below in Examples 1.1 and 1.2. The TWhFrame of group type 3 81 was built using the construction associated with Theorem 1.14 [11] . Example 1.1. A Z-cyclic WhFrame (3 9 ). Groups are {0, 9, 18} + 0, 1, 2, . . . , 8. The initial round is given by the six games: (1, 12, 2, 24), (8, 21, 19, 4) , (13, 23, 16, 15) , (3, 6, 5, 10) , (25, 17, 11, 22) , (20, 7, 26, 14 Since h=3 the required TWh(h+1) is the classic TWh(4) whose initial round is given by the single whist game (∞, 1, 0, 2).
We quote now the results of Ge and Zhu and those of Finizio. The set R is the union of three sets: (1) the set of all primes of the form 4t + 1, (2) the set of q 2 such that q is a prime with 3 < q < 500 and q of the form q = 4t + 3 and (3) the set {21, 77, 133, 161, 781}. Theorem 1.15 (Ge and Zhu [12] ). Let v be an arbitrary product of elements in R. Then there exists a Z-cyclic TWh(3v + 1). Theorem 1.16 (Finizio [8] ). Let v be an arbitrary product of elements in R. Then there exists a Z-cyclic Wh(3 3 v + 1). Proof. The proof is by induction on n. For n = 0 there is the Z-cyclic WhFrame(3 9 ) of Example 1.1. Assume the theorem true for n = k and consider n = k + 1, k 0. Begin with the Z-cyclic WhFrame(3 9(81) k ) of the induction hypothesis and inflate by 81 to obtain a Z-cyclic WhFrame((3.81) 9(81) k ). Consider this latter frame to have group type h v/ h and consider the Z-cyclic WhFrame(3 81 ) to have group type u h/u . An application of Theorem 1.9 yields a Z-cyclic WhFrame(3 9(81) k+1 ). Theorem 2.9 can be improved in the following manner. There is a known Z-cyclic TWh(28) [3] , i.e. the case n=1 of Theorem 2.9. Thus, using the homogeneous (27, 4, 1)-DM [2] and setting Q = 3 3 , P = 3 4n in Theorem 1.6 one obtains the following theorem. Proof. Theorem 1.4 asserts the existence of a Z-cyclic TWh (3 4m ) for all m 1. Hence the theorem is true for all even n. Since these latter designs are triplewhist designs it follows that there exists a homogeneous (3 4m , 4, 1)-DM for all m 1. An application of Theorem 1.5 with P 1 = 3 4m and P 2 = 3 6 yields a Z-cyclic Wh (3 4m+6 ), for all m 1. This establishes the theorem for all odd n 3.
New Z-cyclic designs

Extending the solution set of Ge and Zhu
The set R of Theorem 1.15 represents the class of s = 4k + 1 for which Ge and Zhu [12] obtained Z-cyclic triplewhist designs. In their paper Ge and Zhu [12] demonstrate that the existence of a (group) cyclic ordered whist tournament (see [1] for the definition) on v = 4t + 1 players (with the players being elements in an Abelian group G of order v) leads to a TWhFrame of type 3 v . The construction is over Z 3 ×G. Hence the resulting TWhFrame is not Z-cyclic unless G = Z v and gcd(3, v)= 1. The theorem of Ge and Ling [11] , Theorem 1.14, combined with the materials of Section 2 and difference families found in [1] enable us to extend the solution set of Ge and Zhu [12] . The following theorem is found in [1] . Proof. For each s ∈ S the existence of the homogeneous (s, 4, 1)-DM follows from the fact that a Z-cyclic DWh(s) exists [1] . For each s ∈ S, s = 77 there is a Z-cyclic TWhFrame of type 3 s via Theorem 1.14 noting that the required CGDD is generated from the (s, 5, 1)-DF of Theorem 3.2. For s =77 the TWhFrame of type 3 s follows from the Ge-Zhu construction mentioned above and the fact that there exists a Z-cyclic ordered whist design on 77 players [1] . Proof. The proof is much the same as the corresponding construction found in [12] . Let s 1 , s 2 denote any two elements from S (it is not required that s 1 be distinct from s 2 ). Inflate the Zcyclic TWhFrame of type 3 s 1 by s 2 . Considering this inflated frame to have group type h v/ h and the uninflated frame to have group type u h/u an application of Theorem 1.9 produces a Z-cyclic TWhFrame of type 3 s 1 s 2 . Consequently, there exists a Z-cyclic TWh(3s 1 s 2 + 1). The existence of a homogeneous (s 1 s 2 , 4, 1)-DM follows from the fact that there exists a Z-cyclic DWh(s 1 s 2 ) via Theorem 1.5. The theorem now follows by recursively applying this result.
Additional results
The materials of Sections 1 and 2 can be utilized to obtain some new Z-cyclic results for cases in which q|m where q is a prime of the form q = 4t + 3, t 1.
Theorem 4.1. Let q = 4t + 3, t 1 be a prime. There exists a Z-cyclic WhFrame(2n ) for all q ∈ L ∩ A and for all n 1.
Proof.
For n = 1 one can apply Theorem 1.6 with Q = q, P = q 2 to obtain a Z-cyclic Wh(q 3 + 1) whose initial round has a structure that allows for an application of Theorem 1.7, with h = q, and consequently the desired frame. Assume the theorem true for n = k and consider the case n = k + 1, k 1. Inflate the2k frame of the induction hypothesis by q 2 to obtain a frame with group type h v/ h with h = q 3 , v = q 2k+3 . Considering the frame of the case n = 1, to have group type u h/u with u = q, an application of Theorem 1.9 produces a frame with group type2k+2 . The proof is now complete by induction. 
